Time-dependent Hamiltonians are a widespread means by which to describe controllable experimental operations. In particular, control over light-matter interactions is vital for numerous applications. Due to gauge-freedom, there are many different definitions of light and matter as quantum subsystems. These definitions only coincide when the interaction vanishes. Correspondingly, various forms of interaction are commonly found within the literature. In contrast, justification for using a particular form is seldom found. We show that in the absence of an argument to choose a particular gauge when promoting the coupling parameter to a time-dependent function, the description that results is essentially ambiguous. For sufficiently strong and non-adiabatic interactions, the qualitative physical predictions of final subsystem properties, such as entanglement and photon number, depend on the gauge chosen. This occurs even when the coupling vanishes at the preparation and measurement stages of the protocol, at which times the subsystems are unique and experimentally addressable. These findings are important for all situations in which specific properties are sought through fast interaction switching, as may occur for example, within quantum information, communication, metrology, simulation, and control.
I. INTRODUCTION
Exploiting controlled light-matter coupling is important for quantum computation [1] [2] [3] [4] , quantum communication [5] , quantum metrology [6] , and quantum simulation [7, 8] . In the search for scalable platforms operating at room-temperature, strong light-matter coupling has become of major interest through solid-state systems, such as semiconductor quantum wells [9] and dots [10, 11] , through two-dimensional [12] and organic [13] materials, and through superconducting circuits [14] [15] [16] [17] [18] . For most applications it is necessary to realise and/or manipulate specific quantum states via Hamiltonians with tunable parameters [17, [19] [20] [21] [22] [23] [24] [25] [26] [27] . For example, time-dependent light-matter coupling in cavity QED can be used to realise a universal set of gates for quantum information processing [28] . Time-dependent couplings are also routinely found in models of driven systems, such as the extended Rabi-model, which is important in optimal control theory [29] [30] [31] [32] .
In these applications properties such as entanglement, which pertains to the subsystems of the overall lightmatter composite, are of central importance. A key concept in the study of such properties is locality. An observable is said to be local with respect to a bipartition H A ⊗ H B of a composite system AB, if it has the form I A ⊗ B whereby it is associated with subsystem B only, or if it has the form A ⊗ I B whereby it is associated with subsystem A only. Locally equivalent Hilbert space bipartitions H A ⊗ H B and H A ⊗ H B are connected by local unitary transformations, i.e., unitary transformations * Electronic address: adamstokes8@gmail.com † Electronic address: ahsan.nazir@manchester.ac.uk that have the form U A ⊗ U B [19, 33] .
In QED tensor-product bipartitions of the state space are induced by canonical operators. This is highly nontrivial, because the canonical momenta are not manifestly gauge-invariant. For example the Maxwell field canonical momentum Π in the Coulomb gauge coincides with the gauge-invariant transverse electric field Π = −E T but in the Poincaré (multipolar) gauge it coincides with the gauge-invariant transverse displacement field Π = −D T [34] . These fields differ by the transverse polarisation P T = D T − E T , which only vanishes when the lightmatter coupling vanishes. To see how this effects notions of "light" and "matter" as quantum subsystems it suffices to note that the bosonic annihilation operator a λ (k) for a "photon" with polarisation λ and momentum k is defined directly in terms of the Fourier transform of the canonical field Π(x) [34] . This dependence on Π immediately implies that for non-vanishing coupling the term "photon" refers to physically different bosonic quanta in the Coulomb and Poincaré gauges.
The topic of dividing light-matter systems into subsystems by selecting a particular interaction Hamiltonian has received considerable attention over the past seven decades. Focus has predominantly been placed on comparing the Coulomb and multipolar gauge interactions, with only a limited few exceptions [35] [36] [37] [38] [39] . A notable exception is the so-called Pauli-Fierz representation, which attempts to isolate the component of the electromagnetic field that is tied to the material system. This representation has been used in calculating radiative corrections such as the Lamb-shift [40] . As well as having considered only a handful of representations, previous studies have invariably focussed specifically on establishing gauge-invariance of the S-matrix [34, [41] [42] [43] [44] [45] [46] [47] , or else have considered the natural lineshape problem of spontaneous emission in conventional weak-coupling and Markovian regimes [36, 37, [48] [49] [50] [51] [52] .
It is now well-known that QED S-matrix elements calculated by treating the interaction as a weak perturbation are in fact gauge-invariant at every order of perturbation [34, 46, 47] . However, this result is physically limited. Indeed, the gauge-invariance of the S-matrix is a direct consequence of a property specific to scattering processes. Namely, that the interaction is switched on adiabatically from t = −∞ and then switched off adiabatically, vanishing at t = +∞ [34] . In non-truncated models and beyond scattering theory, there appears to be no general consensus as to which definitions of light and matter are most appropriate in which situations. Coulomb and multipolar gauge formulations seem to be used with equal frequency, but without justification as to why a particular form has been chosen. This is usually unproblematic within the conventional regime of sufficiently weak and slow interactions, because differences in subsystem predictions resulting from different theoretical definitions are typically negligibly small. On the other hand, significant attention has not so far been given to the availability of different subsystem definitions in the context of the faster and stronger time-dependent couplings that are required for applications.
More recently, a generalised formulation of QED has been developed, whereby the choice of gauge is controlled using a classical function [39, 46, 56] . As a special case of this the gauge can be controlled using only a single real parameter α [36, 38, 39] . With this formalism it has been shown that every gauge-fixing transformation is coupling-dependent and non-local with respect to every decomposition of the system into "matter" and "light" quantum subsystems. In the α-gauge framework, each α is associated with its own set of canonical operators, which induces a corresponding state space bipartition H α m ⊗ H α l . Bipartitions labelled by distinct values of α are not locally equivalent. This cements the conclusion that theoretical QED subsystems can only be defined relative to a choice of gauge, a feature we refer to as subsystem gauge-relativity. The α-gauge framework includes the Coulomb and multipolar gauges as special cases, but also includes a third noteworthy representation in which number non-conserving interactions are eliminated from the linear part of the interaction Hamiltonian. This representation can be interpreted as one in which the cloud of virtual photons tied to the ground state of the bare material system, has been absorbed into its definition.
In general the most relevant decomposition of a system's Hilbert space is induced by the experimentally accessible observables, including interactions and measurements [19, 33, [57] [58] [59] . For example, with respect to distinct Hilbert space bipartitions a two qubit Bellstate could be maximally entangled or not entangled at all [59, 60] . It is not physically meaningful to refer to this state as being entangled, unless one can also specify how its constituent physical degrees of freedom can be manipulated or probed. Thus, physical subsystems and their properties must be specified relative to a particular set of experimental capabilities.
There have been a number of recent works which consider the breakdown of gauge-invariance due to a twolevel approximation of the matter system [39, [53] [54] [55] . Here we identify a different mechanism by which ambiguity can enter the theory due to gauge-freedom. We consider the treatment of tuneable light-matter interactions through the promotion of the coupling to a timedependent function. Unlike the two-level approximation, this procedure does not ruin the unitarity of gaugetransformations. We show nonetheless, that for sufficiently strong light-matter interactions, final subsystem properties, such as entanglement and subsystem energies, depend significantly on the definitions of light and matter adopted during their interaction. This occurs even if the interaction is not present at the initial and final stages of the protocol, at which times the subsystems are uniquely defined and can be individually addressed.
Our results are cautionary in nature. We show that in strong-coupling non-adiabatic regimes, unless a justification for using a particular form of light-matter coupling can be provided within the context of the experiment being modelled, then even qualitative physical conclusions drawn from the theory are unreliable. We consider the predicted final energy and information exchange between light and matter, after their interaction has been switched on and then off again non-adiabatically. We find that different qualitative physical regimes of energy exchange can be realised by varying nothing but the gauge in which the interaction is modelled. Our findings are of major importance for the numerous applications whose basic aim is to generate specific properties, such as entanglement or a certain number of photons. We frame our findings within the context of cavity QED, but note that the results obtained are a general feature of QED, which in turn underpins the description of all light-matter systems. We remark also that sub-cycle, ultrastrong lightmatter interaction switching has already been achieved within semiconductor micro-cavity QED systems [15] . These systems offer a promising experimental platform to probe the unique and fundamental aspects of ultrastrong non-adiabatic light-matter physics that we report.
II. LIGHT MATTER HAMILTONIAN IN AN ARBITRARY GAUGE
We present our approach within the context of cavity QED. Our aim is to determine the dependence of local light and matter properties on the chosen definitions of the light and matter subsystems during their interaction. It suffices for this purpose to consider a simple material system for which analytic expressions may be obtained. We therefore consider a bound electron −e with position r confined in all spatial dimensions except the direction ε of the polarisation of a single cavity-mode, in which it is bound harmonically. The mode is described by the components A of the gauge-invariant transverse vector potential along the direction ε. We adopt a generalised approach in which the choice of gauge is determined by a real parameter α. The energy is derived from first principles and is found to be [39] 
where the matter and cavity energies are in turn the sum of kinetic and potential energies;
Here v denotes the cavity volume and ω denotes the cavity frequency while ω m denotes the frequency of the matter oscillator. The above expression for the energy is manifestly gauge-invariant (α-independent). However, the material and cavity canonical momenta p and Π are manifestly gauge-dependent and are given by [39] 
Only when e = 0 are the canonical operators unique (α-independent) in which case the Hamiltonian in Eq. (1) simply describes non-interacting light and matter. Notice that the above two equations constitute a superposition of distinct minimal-coupling prescriptions. The additional term in the minimal coupling prescription p → p + eA is weighted by 1 − α and the additional term in the minimal-coupling prescription Π → Π − er/v is weighted by α. 
with η = e/(ω √ mv) a dimensionless coupling parameter, δ = ω/ω m , and u
The Coulomb and Poincaré (multipolar) gauges that are commonly encountered in atomic physics are special cases obtained by choosing α = 0 and α = 1 respectively. We note that although the quadratic terms on the top line of Eq. (3) could be removed via local Bogoliubov transformations, this would give rise to coupling-dependent renormalised matter and cavity frequencies in the free part of the Hamiltonian. In what follows we will be dealing with time-dependent couplings for which the interaction should be defined as the component of the Hamiltonian that depends on the coupling parameter, as in Eq. (3).
Hamiltonians associated with distinct gauges α and α are related by H α = R αα H α R α α where
is a non-local unitary gauge-fixing transformation. Since according to Eq. (4) gauge transformations are unitary the theory is strictly gauge-invariant; predictions for any given observable can be found in any gauge and these predictions are unique. However, since gaugetransformations are non-local, for distinct gauges the quantum subsystems are defined in terms of different gauge-invariant observables, that is, the subsystems can only be defined relative to a choice of gauge. The theory itself does not favour the use of a particular set of canonical operators over any other, each set defines a pair of mathematically valid theoretical subsystems. The bosonic operators a and b are implicitly α-dependent due to their dependence on the canonical momenta, which represent different observables for different α. In the gauge α the number eigenstates of the material operator b † b span the material Hilbert space H α m while those of the cavity operator a † a span the cavity space H α l . When combined these spaces make up the composite state space
Although this space is physically unique inasmuch as H α = R αα H α , it supports a continuous infinity of non-equivalent tensor-product structures parametrised by α. Due to the non-locality of R αα the unitarily equivalent spaces
A. Bare-energy conservation and α-independent predictions
In QED material systems are often interpreted as surrounded by a cloud of virtual photons [34, 40, [61] [62] [63] [64] . Two examples of virtual processes are those described by the number non-conserving terms ab and a † b † having a coupling strength u + α in Eq. (3). The α-independence of predictions is intimately related to the conservation of the bare-energy H 0 , which determines whether a process is "real" or "virtual". The S-matrix is gauge-invariant precisely because it describes "real" processes that conserve H 0 [47] . By contrast, virtual emission and absorption events do not individually conserve H 0 . In this context it is noteworthy that the number non-conserving terms in Eq. (3) are α-dependent, whereas the remaining number-conserving part is α-independent at resonance (δ = 1), which is also precisely when the bare energy is conserved; [H 0 , u
It follows that different subsystem divisions only differ in their description of virtual processes that do not conserve H 0 ; interactions that conserve H 0 are α-independent. Thus, in the traditional case of weakly-coupled nearly-resonant systems, gauge-invariance of predictions can be encoded directly at the Hamiltonian level, via the approximation of retaining only the bare-energy conserving interaction term
The idea of separating off the virtual photon cloud as a component of the electromagnetic field that is permanently tied to the material system was considered early on within the so called Pauli-Fierz representation [40] . Much more recently, the subject of ground state virtual photons has received renewed interest in strongcoupling regimes in the context of electroluminescent [66] , and lossy [67] systems. There are also early experimental proposals for measuring virtual photons using solid state systems [68] . Theoretically, a representation in which ground state virtual photons are eliminated can be realised as a special case of the α-gauge framework [35] [36] [37] 39] . In Eq. (3) this is achieved by choosing α = α g ≡ 1/(1 + δ), which implies u + α = 0. The interaction Hamiltonian linear in η then has number-conserving form. The components quadratic in η can be removed by local Bugoliubov transformations (see Supplementary Note V B). In this representation the ground state has the form of a bare vacuum, meaning that the virtual photons dressing the ground state have been included implicitly within the bare states (see Supplementary Note V B).
Quite generally, probability amplitudes for processes connecting eigenstates of H 0 are weighted by a function that depends both on the energy difference between the unperturbed states and on the interaction duration [40] . This function has a dominant peak when the energy difference is zero, and the peak has a width on the order of the inverse of the interaction duration [40, 61, 65] . Thus, a loosely holding (bare) energy-time uncertainty relation emerges, according to which (α-dependent) virtual processes will typically occur over relatively short time scales [40, 61, 65] . In the opposite extreme of infinite interaction times the weighting function of the energy difference becomes a delta-function, and one recovers the definition of the S-matrix [40] .
III. TIME-DEPENDENT COUPLING
Subsystem properties may be of limited relevance during the light-matter interaction period. For example, concerning the interaction of a single atom with the quantised vacuum field Cohen-Tannoudji et al. [34] have remarked that one cannot really remove the interaction of the charges with the transverse field and observe the bare material ground state. The bare material eigenstates and energies are not therefore operationally meaningful. They are different approximations of the real state, involving the neglect of this or that part of the effects of the transverse field on the system of charges [34] . Moreover, a strict division between light and matter systems seems increasingly artificial with increasing coupling strength.
On the other hand situations in which light and matter systems are non-interacting when they are prepared and measured, are of practical relevance for various applications. In quantum gate implementations the light and matter systems interact transiently for a finite time only. Such non-adiabatic tuneable couplings are common in cavity QED [28, 69] , and if for example, the atom is outside the cavity when measurements are made then the two systems are obviously divisible. Furthermore, theoretically, the subsystems are uniquely defined if the coupling vanishes.
Since it is seldom tractable to include as additional quantum systems, all sources and sinks of energy that mediate the transient interaction, the most widespread method of description is to use a time-dependent coupling parameter e(t), such that e(t) = 0 unless t falls within a finite interaction period (t 0
where R αα (t) is obtained by making the replacement e → e(t) within the unitary gauge-fixing transformation in Eq. (4). Due to the second term on the right-hand-side of Eq. (5) the HamiltonianH α (t), which is equivalent to H α (t), is not equivalent to H α (t) unless α = α :
• Eq. (5) implies that in the absence of an argument to fix one gauge over another when making the replacement e → e(t), the widespread method of describing tuneable light-matter interactions using an explicitly time-dependent coupling function is essentially ambiguous.
On the other hand Eq. (5) also allows us to understand why the S-matrix is gauge-invariant, despite the gaugerelativity of the quantum subsystems. For infinitely slow adiabatic interaction switching definitive of a scattering process,Ṙ αα (t) in Eq. (5) is vanishingly small, so that H α (t) and H α (t) are then equivalent. The gaugeinvariance of the S-matrix can also be directly attributed to the condition of bare-energy conservation that results from its definition, as noted in the previous section [47] .
In sufficiently strong-coupling non-adiabatic regimes, differences between predictions found using different gauges will occur, and may not be negligibly small. This point is especially transparent within Eq. (3), which clearly shows that the form of the interaction V α (t) can be quite different depending on the value of α chosen. A model corresponding to α = 0 or α = 1, which are both commonly chosen gauges in light-matter theory, will not generally produce even qualitatively accurate predictions if the underlying physics of the system is more correctly described by an interaction corresponding, for example, to α ∼ α g = 1/(1 + δ). In fact, we will show below that even conventional gauges α = 0 and α = 1, generally give significantly different physical predictions when the coupling η(t) is ultrastrong and ultra-fast, because the two models possess different dependences on the underlying model parameters.
FIG. 1:
A cavity of length L supporting standing waves in the z-direction and a Gaussian perpendicular mode profile with waist wc is depicted, along with a dipole −er oscillating with frequency ωm. At t = 0 the cavity and dipole are non-interacting. The dipole follows a trajectory R(t) through the cavity, entering the cavity at t0 and exiting at t0 + τ . The Hamiltonian for this system is derived in supplementary material V A and can be realised by using a time-dependent coupling e(t) in Eq. (3).
Uniform motion in and out of a cavity
In supplementary material V A we derive the Hamiltonian for atomic motion in and out of a Fabry-Perot Gaussian cavity mode with mirrors orthogonal to the zdirection, as depicted in Fig. 1 . The Hamiltonian reads
where φ(x) = e ikz e −(x 2 +y 2 )/w 2 c is a Gaussian mode envelope, with w c the Gaussian beam waist, and where R(t) denotes the atom's path through the cavity. The cavity canonical operators are given by
Quite generally paths satisfying the conditionẑ·R(t) = 0 have the property that the Hamiltonian in Eq. (6) is identical to that in Eq. (3) if the time-dependent coupling function in Eq. (3) is taken as e(t) = eφ(R(t)). This confirms that the correct Hamiltonian is obtained by making the replacement e → e(t) such that η → η(t) in Eq. (3). Uniform motion of the dipole in and out of the cavity is described by a Gaussian function e(t). Significant α-dependence of final predictions occurs when the interaction time τ ∼ w c /ν is comparable to the cycle time 1/ω m . In the case of a micro-cavity with w c = 20µm and ω m in the microwave regime, this requires ν ∼ 10 −3 c, which although relatively large, is within the non-relativistic regime.
We assume that the system starts in the ground state |0, 0 and that the interaction is switched on at some time t 0 later. In Fig. 2 the number of cavity photons is plotted as a function of time with η chosen in the ultrastrong coupling regime and with w c ω m /ν ∼ 1, for the α = 0, 1, and α g gauges. The three gauges give different residual photon populations within the cavity after the interaction has ceased. Both the Coulomb and multipolar gauges yield non-zero values. For longer interaction durations all photon populations return to zero independent of α.
These results afford an interpretation in terms of virtual processes that occur over short time scales, and are consistent with the suggestion of the energy-time uncertainty relation. When the interaction switch-off is long compared to the timescale of virtual processes any virtual photons emitted near the beginning of the switch-off period are reabsorbed before the interaction has ceased, i.e., within the time the atom remains inside the cavity. In contrast, when the interaction switching is on the order of a bare cycle, there is a significant probability that ground state virtual photons created at the beginning of the switch-off are not reabsorbed before the interaction has ceased. They therefore detach, and remain in the cavity once the atom has left. This occurs according to both the Coulomb and multipolar gauge interactions, but not in the α g -gauge wherein ground state virtual photons are not explicit.
General time-dependent coupling
More generally, a tuneable coupling function could be used to model any time-dependent interaction, such as interactions realised by addressing specific states of the atomic system [15] , or laser driven material systems [40] . Switchable interactions are also commonly encountered in superconducting circuits [17] . We therefore define the general coupling function
. (9) This is a smoothed box-function with a maximum of one at t = t 0 + τ /2, such that e(t 0 )/e ≈ 1/2, and τ is roughly the full-width at half maximum. The parameter s controls the smoothness of the switch-on. Through tuning of parameters this general coupling function can take a variety of forms. For example, it can be made to closely resemble a Gaussian shape, as occurs for uniform atomic motion. In what follows we determine the dependence on α of the final light and matter properties that result from the dynamics generated by H α (t), and verify that in non-adiabatic strong-coupling regimes qualitative physical predictions do depend significantly on α, due to the action of promoting the coupling to a time-dependent function.
A naive example of time-dependent coupling comprises instantaneous switching of a constant interaction. However, in this case the free evolution before and after the interaction window does not alter the physical quantities of interest, which makes this situation equivalent to simply considering a constant interaction e(t) = e. Predictions for this case in the ground state |G of the full Hamiltonian H α are presented in supplementary material V B. A more realistic interaction switching is smooth and therefore requires a finite time. To study this situation we use the general coupling function given in Eq. (9) .
The dynamics of the system are found by numerically solving the closed set of differential equations for correlations of the form xy where x, y = a, a † , b, b † . For an initial Gaussian state of the system these correlations suffice to completely characterise the final state [70] . We find that significant α-dependence of final predictions occurs if the switching time of the interaction is ultra-fast, i.e., of the order of a bare cycle ω −1 , ω −1 m , and the coupling is sufficiently strong. For switching times longer than this predictions from different gauges converge as the interaction is switched-off, such that no differences remain by the end of the protocol. Fig. 3 shows the average number of photons in the cavity as a function of time, when the switching time is roughly 4/ω m and the system starts in the ground state |0, 0 of H 0 = H α (0). Both initially and finally there is no ambiguity in the definitions of the light and matter systems, which are uncoupled. Relevant sub-cycle, ultrastrong couplings have already been achieved in cavity QED [15] . , the average number of photons a † a t in the cavity is plotted with time. The switch-on function e(t)/e is shown in Fig. 4 and is such that the switch-on time is roughly 4/ωm. The remaining parameters are η = 1 and δ = 1/2, and ωm is in the microwave regime. The final values after the interaction has ceased are given where the curves level-off, and are clearly different for different α.
FIG. 4:
Starting at t = 0 in the ground state |0, 0 of H0 = H α (0), the mutual information I(α) at a final time t long after the interaction has been switched-off, is plotted as a function of α for various combinations of δ and η. The inset shows the coupling envelope e(t)/e as a function of time. The interaction duration given by the difference in the dashed lines is τ = 10/ωm with ωm chosen in the optical range. The switch on occurs at roughly t0 = τ /2 and the chosen value of s gives a switching time, represented by the arrow, of roughly 4/ωm. The α-dependence of I(α) varies significantly depending on the regime considered. I(α) is symmetric about the minimum of zero at αg = 1/(1 + δ) for all δ and η. The α-dependence tends to be more pronounced further from resonance and for stronger coupling.
Since the systems are initially uncoupled it is natural to assume that they are not correlated. Correlations may then build-up due to the subsequent interaction. Fig.  (4) shows the final mutual information I(α) at a time t after the interaction has ceased. It exhibits a diversity of behaviours depending on the values of α, η and δ. As shown in Fig. 4 , if α = α g the interaction does not Fig. 4 . βc corresponds to room temperature while βm = 2βc. The final subsystem energy changes and net work are plotted with α. The net work and ∆Ec are always positive, while ∆Em becomes negative for certain α implying that energy has left the initially cooler system and has entered the initially hotter system. This is due to the non-zero net work input.
generate any correlations for the values of η and δ chosen.
To exemplify the importance of our results, we show that due to the time-dependence of the interaction even the qualitative predictions for energy exchange depend strongly on α. To this end we consider a situation where the systems are not initially isolated from their environments. We therefore consider an initial product state of two Gibbs states ρ(0) = ρ Using the unitarity of the dynamics it is straightforward to show that changes in the energies of the subsystems defined by
x H x ] with x = m, c, are bounded according to β m ∆E m + β c ∆E c ≥ I ≥ 0 [71, 72] . If the interaction is also such that there is no net input of work, i.e., ∆H α (t) ≡ ∆H 0 ≡ ∆E m + ∆E c = 0, then we obtain (β m − β c )∆E m ≥ 0. Thus, without a net input of work, energy cannot move from the initially cooler to the initially hotter system. On the other hand if ∆E m + ∆E c = 0 then by the end of the interaction the initially cooler system may have lost energy, with an accompanying increase in energy of the initially hotter system. Alternatively, both subsystems may simply gain energy due to the non-zero net work. The final energy that has been exchanged between the systems after the protocol has finished is shown as a function of α in Fig. 5 . Clearly different qualitative regimes can be realised by varying only the parameter α, which controls the gauge. Moreover, this ambiguity in qualitative predictions of final properties occurs even though the subsystems are uniquely defined at both the initial and final times.
IV. CONCLUSIONS
We have studied the implications of gauge-freedom for subsystem properties in QED, when dealing with tuneable non-adiabatic, strong-coupling. When the coupling is non-vanishing there are infinitely many nonequivalent definitions of the quantum subsystems. For strong enough coupling "light" and "matter" subsystem properties like entanglement and photon number, are significantly different for different subsystem definitions. These differences persist in the case of tuneable interactions, and become increasingly pronounced as the coupling switching increases in strength and speed.
Obtaining even qualitatively reliable predictions of final physical properties is dependent on identifying the correct coupling model when describing a given physical set-up. Predictions regarding the generation and manipulation of entanglement and other subsystem properties cannot be relied upon without a concrete justification that the chosen coupling model accurately describes the physical set-up considered. This finding is of major importance for current technological applications including quantum communication, metrology, simulation, and information processing, in which final subsystem properties are of central importance. The description given here should be extendable to time-dependent interactions that arise in solid state systems, organic systems, and superconducting circuits. This will reveal the extent of the ambiguity across the platforms of current interest in the applications of quantum science.
where we have ignored a global phase e −iπ/2 . We define the cavity volume by
and choose the normalisation A = 1/ √ 2ωv, such that substitution of Eq. (10) into the right-hand-side of Eq. (11) yields
where A ≡ A(x = 0) and Π ≡ Π(x = 0). This cavity Hamiltonian is formally identical to the bare-cavity Hamiltonian of Sec. II, and in the free (non-interacting) theory it is α-independent. In obtaining Eq. (16) we have used
where l is arbitrary such that l and l + L are the positions of the two cavity mirrors along the z-axis. Eq. (17) follows from the vanishing of the z-integral due to the periodic boundary conditions in the z-direction; k = nπ/L, n = 0, 1, 2, 3, .... Quantisation is now straightforward via the replacement of the complex numbers a and a * with bosonic operators a and a † such that [a, a † ] = 1. We thereby obtain the mode expansions
where a(t) = ae −iωt in the free theory. All non-zero equal-time canonical commutation relations are obtained from Eqs. (18) and (19) 
In particular we have
The violation of relativistic causality implied by the non-vanishing commutators of fields at spacelike separated events is a result of the approximations made, namely the restriction to a single radiation mode and the paraxial approximation. The single-mode approximation eliminates the spatio-temporal structure necessary to elicit causality and has been discussed in this context recently in Ref. [76] . These authors consider the propagation direction only and show that by including more standing wave modes consistency with relativistic causality is recovered. Here, our aim is to study the role of the gauge-parameter α in the light-matter interaction and for this purpose it suffices to restrict attention to the fundamental mode. As noted at the beginning of this section the single-mode approximation is certainly not necessary and has been used here for simplicity. Without requiring any essentially new theoretical machinery one can extend the present treatment in a straightforward manner to include more modes in the transverse direction or in the z-direction. Within the single-mode treatment, which is adequate for the present purpose, the canonical commutation relations (20) - (22) are necessary for the formal self-consistency of the framework developed.
Cavity-dipole interaction
Let us now consider the coupling of the cavity to an oscillating dipole located at an arbitrary position R. Expressed in the Coulomb gauge the light-matter Hamiltonian is
If we fix R = 0 this Hamiltonian is identical to that given by Eq. (3) with α = 0. The Coulomb gauge expression is of course only one possible way to express the Hamiltonian. We can obtain a more general expression via the gauge-transformation R αα = e −ie(α−α )r·A(R) , which reduces to that in Eq. (4) when R = 0. In particular, 
Only the operators r and A(R), which commute with R αα are α-independent. The Hamiltonian in the gauge α is obtained using Eqs. (24) 
which reduces to that given by Eq. (3) if R = 0. The framework developed in this section therefore generalises that of Sec. II by providing explicit mode expansions for the cavity canonical operators in the form of Eqs. (18) and (19) , which can be evaluated at an arbitrary atomic position R. As before α controls the gauge with α = 0 and α = 1 yielding the Coulomb and multipolar gauges respectively. If the dipole is moving its position R is time-dependent R = R(t). Without loss of generality we can consider cavity mirrors located at z = ±L/2 centred at (0, 0) in the xy-plane. Any prescribed dipolar motion may now be considered. The simplest case consists of uniform motion −νx starting from rest at the point hx, which yields the path R(t) =x(h − νt). A second example consists of the dipole dropped from hx/2 falling under gravity with trajectory R(t) = (h − gt 2 /2)x towards the ground at −xh/2. Here g is the magnitude of acceleration due to gravity, assumed to be uniform. Both of these examples give paths such thatẑ · R(t) = 0 for all t. Quite generally paths satisfying this condition have the property that the Hamiltonian in Eq. (25) with R = R(t) is identical to that in Eq. (3) if the time-dependent coupling function in Eq. (3) is taken as e(t) = eφ(R(t)). For the two examples described above the coupling functions are e(t)/e = e in the case of motion under gravity. Thus, we see that the replacement e → e(t) is a well-justified treatment of the time-dependent interaction resulting from a dipole with prescribed gross motion. In the case of uniform motion the Gaussian coupling envelope incurs a relatively smooth switch-on. For a beam waist w c = 20µm, with h substantially larger, so that the dipole starts well outside of the cavity, and for a dipole with microwave frequency ω m ∼GHz, the gross dipolar speed must be around ν = 10 −3 c in order that the interaction time τ ∼ w c /ν is comparable to the cycle time 1/ω m . The velocity 10 −3 c is not yet relativistic, but significantly larger than the velocities found in typical atomic beam experiments, which are around three orders of magnitude smaller.
